We formulate a covariant perturbation theory for calculating the changes in the energy spectrum and wave function of bound states and resonances induced by perturbations to the Hamiltonian. Set in the context of relativistic quantum field theory, our formulation is the covariant analogue of the time-independent perturbation theory of quantum mechanics. Although our derivation is valid for energy-dependent potentials and is not restricted to inverse free Green functions that are linear in the energy, the expressions obtained for the energy and wave function corrections are compact, practical, and maximally similar to the ones of quantum mechanics.
I. INTRODUCTION
There is a growing interest in calculations, within a covariant quantum field theory framework, of changes in the properties of bound states and resonances induced by small perturbations in the interaction Hamiltonian. The four-dimensional Bethe-Salpeter equation and its various three-dimensional reductions (so-called quasi-potential equations) are the most popular tools in this respect. A current example is the Nambu Jona-Lasinio (NJL) model where the nucleon is described in terms of three relativistic quarks interacting via contact potentials, and where meson exchange provides an important perturbative correction [1] . Another example is provided by relativistic calculations of hadronic atoms where the strong interaction perturbs the Coulomb bound state [2, 3] , and yet another by various corrections to relativistic calculations of electromagnetic bound states [4] .
The perturbation problem involved in such covariant calculations can be formulated as follows. Denoting the total four-momentum of the system by P , one would like to determine the bound state solution to the equation
where K 1 (P ) is a perturbation to the unperturbed kernel K 0 (P ), and where it is assumed that the unperturbed Green function G u (P ), defined as the solution to the equation
is known completely. Thus we seek the mass M and wave function Ψ such that Eq. (1) with P 2 = M 2 is satisfied. A consequence of the complete knowledge of G u (P ) is that the mass spectrum M n u (n = 1, 2, 3, . . .) and corresponding wave functions Φ n of the unperturbed equation
are known. The task of solving Eq. (1) by expressing the mass M and wave function Ψ as a perturbation series with respect to K 1 is a problem whose solution is well-known in the corresponding context of non-relativistic quantum mechanics (given by so-called time-independent perturbation theory). Unfortunately the derivation used to obtain the quantum mechanical result is restricted to the case where the inverse free Green function G −1 0 (E) is linearly dependent on energy E and where the unperturbed kernel K 0 is an energy-independent Hermitian operator. Although these restrictions lead to the closure and orthonormality conditions
which are crucial for the derivation of time-independent perturbation theory, they are not valid in the Bethe-Salpeter case. Indeed none of these restrictions are required in the context of a covariant field theoretic approach of interest here. In this paper we therefore present a new solution to the perturbation problem which is valid for any form of G −1 0 (P ) and K 0 (P ); in particular, our solution is valid for the case of covariant field theoretic approaches where G −1 0 (P ) depends nonlinearly on P and where K 0 (P ) can be momentum (P ) dependent.
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Our solution, given in Eq. (25) and Eq. (27) for the nondegenerate case, and in Eq. (40) and Eq. (43) for the degenerate case, expresses the mass M of the bound state or resonance and the corresponding wave function Ψ in terms of compact expressions that take into account the perturbation term K 1 to any order. At the same time, our formulation allows us to write the perturbation series for both M and Ψ, up to any order, in a straightforward way which is maximally close to the analogous quantum mechanical formulation. As such, our approach to the covariant perturbation problem may provide some important advantages over previous formulations [6, 2] .
II. COVARIANT PERTURBATION THEORY

A. Basic equations
We consider the Green function
where P is the total four-momentum, G 0 is the fully disconnected part of G, and where the kernel K consists of a part K 0 for which the corresponding Green function is known, and a small part K 1 which can be treated as a perturbation. Thus
and it is assumed that the unperturbed Green function G u (P ), defined by equation Eq. (2), has previously been solved for G u . We are interested in the case where G u (P ) has a pole corresponding to a bound or resonance state. Thus we can write
where the bound state 2 wave functions Φ andΦ, the unperturbed bound state mass M u , and the background term G b u are all assumed to be known. Note that the wave functions are solutions of the bound state equations
Once the perturbation K 1 is included, the mass M u will shift to the physical value M and Φ will modify to the physical bound state wave function Ψ where
From Eq. (5) the wave functions Ψ andΨ are solutions of the equations
respectively. To write a perturbation series for G, we express G in terms of the known unperturbed Green function G u through the equation
which follows from the fact that
By iterating Eq. (11) we obtain a perturbation series for G(P ) with respect to the perturbation K 1 (P ). What appears more difficult is to find a corresponding perturbation series for the mass M and wave function Ψ. Yet if one closely examines the structure of the above equations, it can be discovered that a mathematically similar problem was solved long ago by Feshbach [7] albeit in the rather different context of nuclear reaction theory. Indeed there are a number of other contexts where analogous problems have been solved, the case of mass and vertex renormalization in pion-nucleon scattering being particularly noteworthy [8] . Nevertheless, for completeness, we shall provide an explicit derivation of the solution to our covariant perturbation theory problem in the next subsection.
B. Solution
In this subsection we derive expressions for the bound state wave functions Ψ,Ψ, and the bound state mass M corresponding to the full kernel K of Eq. (6). Although our goal is to formulate the covariant perturbation theory for this problem, we in fact derive expressions for Ψ,Ψ, and M, that are exact with all orders of K 1 being taken into account. Starting from these exact expressions it is then trivial to generate all terms of the perturbation series. To present our solution it will be convenient to discuss the cases of nondegenerate and degenerate perturbation theory, separately.
Nondegenerate case
In the nondegenerate case, to each unperturbed bound state mass M u there corresponds a unique bound state wave function Φ. The unperturbed Green function G u (P ) then has the "pole plus background" structure, as given in Eq. (7). Having in mind that the full Green function G(P ) has a similar structure as given in Eq. (9), and that our goal is to relate the quantities in these two expression, we begin by introducing a "background" Green function G b (P ) defined as the solution of the equation
From Eq. (12) it follows that
where we have dropped the momentum arguments for convenience. Similarly Eq. (5) implies
Subtracting the last two equations, we obtain
and therefore
Thus
which can be solved forΦ(1 + K 1 G) by writinḡ
and thenΦ
Using this result in Eq. (17) we obtain the result we are seeking:
where the functions ψ(P ) andψ(P ) are defined by
A comparison of Eq. (20) with Eq. (9) shows that Ψ = √ Zψ(M), andΨ = √ Zψ(M), where
with the prime indicating a derivative with respect to the square of the argument, e.g.
and
It may be worth noting that Eq. (23) can be written in the alternative form
Thus, in the nondegenerate case, the properly normalized wave functions for the full perturbation theory are
We note that these wave functions satisfy the normalization condition
Degenerate case
In the degenerate case there is more than one solution Φ of the unperturbed bound state equation, Eq. (8), for a single unperturbed bound state mass M u . Assuming an r-fold degeneracy, we denote such wave function solutions as Φ j where j = 1, 2, 3, . . . , r. In this case the pole structure of the unperturbed Green function G u (P ) is easily seen to be
The wave functions Φ j are, by the assumption of r-fold degeneracy, linearly independent. Applying this fact to the pole structure of the identity
, we obtain the normalization condition for these wave functions:
Eq. (30) can be written exactly as Eq. (7) with Φ now defined to be a row matrix whose elements are the Φ j :
withΦ being the corresponding column matrix with elementsΦ j . With this redefinition of Φ andΦ, the above derivation for the nondegenerate case remains valid up until and including Eq. (22). In this way we obtain, for the degenerate case, that
where ψ andψ are row and column matrices defined by elements
respectively, and A is an r × r matrix whose elements are
We are interested in the masses M for which the Green function G(P ) of Eq. (33) develops a bound state or resonance pole. This will happen when the determinant of matrix A(P ) becomes zero. This, in turn, can be determined by finding the matrix S(P ) which diagonalizes A(P ). With S(P ) determined, we have that
where
with similar definitions holding for Φ S (P ) andΦ S (P ). Since detD(P ) = j D j (P ) = 0, the Green function G(P ) will have poles at P 2 = M 2 j , j = 1, 2, 3, . . . , r, where M j is the solution of the equation
Φ S j (P ) and Φ S j (P ) being the j'th elements ofΦ S (P ) and Φ S (P ), respectively. Taking into account the diagonal nature of D(P ), Eq. (37) can be written as
Thus, assuming that the perturbed bound state mass M j is itself nondegenerate, we can find its corresponding wave function Ψ j as in the nondegenerate case above:
, where
Thus, in the degenerate case of the unperturbed theory, the properly normalized wave functions corresponding to the (nondegenerate) bound state mass M j of the full perturbation theory, are
III. DISCUSSION AND SUMMARY
In this work we have presented a formulation of perturbation theory within the framework of relativistic quantum field theory. One can consider our results as extending the well-known time-independent perturbation theory of quantum mechanics to the case where the kernels are energy-dependent and where the inverse propagators are non-linear in the energy.
In particular, we have derived expressions for the bound state (or resonance) mass M and wave function Ψ of a system whose interaction kernel K consists of a part K 0 for which the corresponding Green function G u is known, and a part K 1 which plays the role of a perturbation. Our results for M and Ψ are contained in Eq. (25) and Eq. (27) for the nondegenerate case, and in Eq. (40) and Eq. (43) for the degenerate case, and have the feature that they are exact, with the perturbation K 1 taken into account to all orders. The key element in these expressions is the Green function G b which needs to be found by solving Eq. (12). For sufficiently small K 1 , Eq. (12) can be solved simply by iteration, in this way generating a perturbation expansion in K 1 that is the covariant analogue of the time-independent perturbation theory of quantum mechanics. On the other hand, if K 1 is not small enough to generate a convergent perturbation series, Eq. (12) could still be solved by standard numerical techniques for integral equations.
As far as we know, our formulation of the covariant perturbation theory problem is new. However, there are two alternative formulations available in the literature (both given for the nondegenerate case). The first of these is due to Lepage [6] who derived perturbation series for M and Ψ which are expressed in terms of contour integrals. The second is a formulation of Ivanov et al. [2] whose perturbative expansion is expressed in terms of a certain "relativistic generalization of a projection operator". Although all perturbation expansions must mathematically be identical, it is evident that the expressions provided by our Eq. (25) and Eq. (27) are the simplest both practically and conceptually. For example, the second derivative of the inverse free propagator, ∂ 2 G −1 0 /∂E 2 , which explicitly enters the formulation of Ref. [2] , looks very much like a genuine and necessary relativistic feature, yet it does not appear in our formulation at all; we thus conclude that its appearance is just an artifact of the particular derivation used. Similarly, the expression for the lowest-order wave function correction derived directly from Eq. (9) of Ref. [2] contains four terms against our only one.
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